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Profile of Chemical Potential in Pressure-Driven
Membrane Processes Accompanied by

Gel-Enhanced Concentration Polarization

Sergey P. Agashichev
Research Center, ADWEA, Abu Dhabi, United Arab Emirates

Abstract: A model for distribution of chemical potential and concentration
polarization enhanced by gel accumulated on membrane surface has been
proposed. It provides distribution of chemical potential and concentration in
the liquid phase and within the gel layer. The model allows analyzing the
influence of thickness of fouling gel layer on the CP degree, surface concentration
and chemical potential.

The model is based on the following assumptions:

1. process is accompanied by accumulation of gel layer at membrane surface
along with concentration polarization;

2. diffusion layer and deposited gel consist of different components and these
layers are characterized by different values of diffusivity coefficients;

3. correlation for effective hindered back diffusion coefficient within deposited
layer is adopted from [Boudreau, Geochim. Cosmochim. Acta, 60, 1996];

4. transverse transport is based on the following mechanisms: convection due to
pressure difference and back diffusion owing to concentration gradient.

The following conclusions have been drawn: (A) diffusion resistance
within the gel layer is getting dominant and cannot be ignored; (B) In
the presence of a gel layer the membrane surface concentration, C1M, is
enhanced due to hindered back diffusion of salt ions that in turn, results
in growth of osmotic pressure and chemical potential at the membrane
surface. It provides elevated salt concentration in permeate and decreases
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the net driving force; (C) Analysis of calculated data indicates high
sensitivity of CP degree to coefficient of hindered back diffusion within
gel layer.

Keywords: Enhanced concentration polarization, gel polarization, hindered
diffusion, reverse osmosis

INTRODUCTION AND FORMULATION OF THE PROBLEM

Reverse osmosis and nano-filtration are accompanied by colloidal or bio-
fouling along with concentration polarization (CP) due to salt ions. Even
pretreated water contains dissolved natural organics, colloids, aggregated
organics, and residual suspended matter that make unavoidable gel accu-
mulation. These phenomena cause a decline of permeability and decrease
of salt rejection. The RO process accompanied by organic, bio, or colloi-
dal fouling is characterized by a higher degree of CP that can decrease the
level of transmembrane flux drastically. According to data in (1,2) the
growing colloid deposits may enhance or exacerbate concentration polar-
ization that, in turn, causes for more flux decline than could be explained
by the hydraulic resistance of the colloid deposit layer itself. Molecular
diffusion is inhibited within the deposited gel or cake layer because of
decreased diffusivity coefficient within this layer. According to (1,3),
the permeate flux decline in RO and NF processes is not caused by
hydraulic resistance of the colloidal cake layer itself, but rather due to
cake-enhanced osmotic pressure. It was reported (3), that the decline in
salt rejection when colloidal fouling occurs was much more substantial
for NF than for the RO membranes. The impact of ionic strength on col-
loidal fouling and in turn on the permeate flux decline and salt rejection
was underlined. Permeate flux decline was attributed to the so-called
‘‘cake-enhanced osmotic pressure.’’ According to data (3), salt rejection
of the NF membranes dropped sharply from 84% to 20% when the con-
centration factor exceeded 1.5. Combined influence of natural organic
matter (NOM) and colloidal particles on nano-filtration membrane foul-
ing was considered in (4) Further investigation of enhancement of CP and
osmotic pressure caused by accumulation of gel, cake, or biofilm on the
membrane surface was done in (5–8).

According to the study (5), a dramatic increase of CP and loss in
driving force via the enhanced osmotic pressure rather than through an
additional hydraulic resistance, impact if biofouling on deterioration of
membrane performance was considered in (6). According to their study
biofilm deteriorates membrane performance by increasing both the
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trans-membrane osmotic pressure and the hydraulic resistance. Bacterial
cells on the membrane hinder the back diffusion of salt, which results in
elevated osmotic pressure on the membrane surface and therefore
decrease in permeate flux and salt rejection. On the other hand, EPS con-
tributes to the decline in membrane water flux by increasing hydraulic
resistance to permeate flow. Impact of NOM fouling on flux decline in
NF was considered in (7), where the effect of ionic strength on specific
resistance of cake was analyzed. It was concluded that increased cake
resistance is consistent with more compact, less porous cake. Influence
of bio-fouling on boron removal by nanofiltration and reverse osmosis
membranes was reported in (8). Biofilm- enhanced concentration polar-
ization in NF is accompanied by decline of degree of boron rejection
from 44 to 13% of its initial value depending upon initial concentration of
boron. These effects of biofilm growth are attributed to both an increase
of hydraulic resistance to permeate flow and enhanced concentration
polarisation near the membrane surface

Gel or cake layer accumulated at the membrane surface has an
impact on hydrodynamic and mass-transfer characteristics of the process.
Diffusion layer and deposited gel consist of different components which
are characterized by different values of diffusivity.

Relying upon published studies one can conclude that an impact of
the fouling layer is strongly influenced by its nature and morphology,
namely the layer built of biocells and suspended matters with high poros-
ity represents diffusion resistance because of the enhancement of osmotic
pressure within this layer, while the compact layer consisting of organic
macromolecules that forms a dense cross-linked fouling represents
hydraulic resistance to permeate as well.

Many existing methods of modeling ignore any deformation of con-
centration profile within gel layer. Accounting of concentration polariza-
tion within the gel layer is becoming essential for design and analysis of
RO andNF processes if membrane fouling takes place. Conventional tech-
niques of calculations take into consideration only the hydrodynamic
characteristics namely permeability and hydraulic resistance of the layer
itself, while the diffusion resistance (or the enhancement of osmotic pres-
sure within the gel layer) remains outside the scope of the studies. How-
ever, it is the diffusion resistance within the gel layer that can be a factor
that the process is influenced by. (This phenomenon is explained by the dif-
ference in diffusivity coefficients in liquid phase and within the layer). This
simplification is embedded into many existing software that makes the CP
degree and diffusion resistance within the gel layer to be underestimated
and therefore gives inaccurate design value of the transmembrane flux.

Distribution of concentration and chemical potential within the
diffusion and gel layer is a measure of transport resistance that makes
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essential their estimation for analysis and design of the processes. The
structure of cake and its specific resistance are influenced by ionic
strength at the membrane surface. A mathematical solution proposed
in the previous study (9) can be applied for analysis of gel-enhanced con-
centration polarization in thin channel RO elements. This paper repre-
sents an attempt at further development of the model of profile of
concentration and chemical potential within diffusion and deposited gel
layers. Modeling of these phenomena is essential in design of the process
and analysis of experimental and pilot results.

THEORY

Premises and Assumptions of the Model

An elementary parallelepiped as a fragment of symmetric plate-and-
frame configuration of the membrane system was selected as a control
volume. Balance equations were written over the control volume. The
fluid is assumed to be incompressible, continuous, and isothermal with
a uniform density field under the steady-state (time independent) condi-
tions. The membrane charge density is ignored.

The considered process is accompanied by accumulation of the gel or
the cake layer at the membrane surface along with concentration polar-
ization. Conceptual illustration of the gel or cake enhanced concentration
polarization is shown in Fig. 1. For the mathematical analysis to be sim-
plified, the channel was subdivided into three zones according to the
behavior of the concentration profile: (A), (B), and (C) respectively. Zone
(A) covers the core of the channel where the concentration remains con-
stant; zone (B) covers the diffusion layer and zone (C) includes the gel
layer. A simplified model including two zones was presented in (9).

Transverse transport is based on the following mechanisms: con-
vection due to pressure difference and back diffusion owing to concentra-
tion gradient. These transport sub-constituents are shown in Fig. 1.
Analysis of CP in two-dimensional flow is based on the following
governing equation.

@ ucð Þ
@x

þ @

@z
Vc�D

@c

@z

� �� �
¼ 0 ð1Þ

This equation assumes convection in the longitudinal direction and
diffusion and convection in the transverse direction. Within the selected
control area all the characteristics are assumed to be independent upon
longitudinal coordinate. For laminar regime in thin channel RO element,
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the longitudinal convection can be ignored. Taking into consideration the
orientation of axes shown in Fig. 1, the transport equation (1) can be
written as follows.

Figure 1. Conceptual illustration of the ‘‘gel enhanced’’ concentration profile
(Concentration core, diffusion layer and gel).
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VcþD
dc

dz
¼ 0 ð2Þ

Where V- transverse flux; D- diffusivity; and C- local concentration
(see Fig. 1). The first term on the left hand side represents convective flux
towards membrane; the second one describes the back diffusion.

For the mathematical treatment to be simplified, the dimensionless
variables g and h were introduced.

The first dimensionless variable, g, ranges from g¼ 0 at the centerline to
g¼ 1 at the gel (or cake) surface.

g ¼ ðH � zÞ
ðH � SÞ ð3Þ

The g- variable is used for modeling characteristics in liquid phase,
(see Fig. 1).

The second dimensionless variable, h, ranges from h¼ 0 at the membrane
surface to h¼ 1 at the upper surface of the gel (or cake) layer.

h ¼ z

S
ð4Þ

The h- variable is used for modeling characteristics within the depos-
ited gel layer, (see Fig. 1). Further analysis implies the following pre-
mises and simplifying assumptions.

Transverse velocity, V(g), was approximated by parabolic function based
on the function proposed by Berman, (10).

VðgÞ ¼ VMAX
g
2

3� g2
� �h i

ð5Þ

Transverse velocity varies from, V(g¼0)¼ 0, at the centerline to its
maximum value V(g¼1)¼VMAX at the gel surface. The transverse
velocity is assumed to be constant through membrane and gel layer,
(see Fig. 1).

VGEL ¼ VMEMBR ¼ VMAX ð6Þ

Coefficient of Hindered Back Diffusion within Deposited Gel Layer

The considered process is accompanied by accumulation of gel or cake
layer at the membrane surface. Hydraulic resistance of this layer is
negligible within the range of porosity considered in this study. For
the mathematical analysis to be simplified the deposited layer with
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continuous structure is represented as equivalent layer formed by granu-
lated particles characterized by definite value of apparent porosity-e.
(This granulated layer is assumed to be equivalent to real continuous
layer and it has to be characterized by the same value of apparent diffu-
sivity D�. This layer represents an additional diffusion resistance). Differ-
ent values of diffusivity in liquid phase and within the gel or cake layer
are assumed in the model. This phenomenon is referred to as gel
enhanced concentration polarization. Diffusivity within the layer is
referred to as hindered back diffusion. For modeling to be simplified
the gel layer was represented as a granulated layer characterized by
equivalent diffusivity. The correlation for effective diffusion coefficient
within the granulated cake layer proposed by Boudreau, (11) is used.

D� ¼ e
1� ln e2

D ð7Þ

Where: D�-the effective diffusion coefficient in layer; D- the solute
diffusivity in bulk; e- porosity of deposited layer, (11).

Over the range of typical porosity the effective diffusion coefficient
may be reduced to between 10 and 40% of the bulk diffusion coefficient
that results in significantly enhanced salt concentration at the membrane
surface, (1). Influence of sediment characteristics such as tortuosity and
porosity on diffusive transport of ions and molecules is considered in (12).

Diffusion resistance to transport can be subdivided into two terms
namely, resistance within the diffusion layer and resistance within the
gel layer.

Concentration profile is shown in Fig. 1, where three zones (A), (B),
and (C) characterized by different functional behavior of the profile are
shown. The concentration remains constant equal C1 within the core of
the channel (zone A), that ranges from the centerline to the upper bound-
ary of the diffusion layer, see Fig. 1. Within the diffusion layer (zone B)
the concentration ranges from C1 at its upper boundary to C1G at the gel
surface. An essential growth of concentration takes place within the gel
layer (zone C) that is caused by hindered diffusion. The concentration
ranges from C1G at the gel surface to C1M at the membrane. This model
implies that the mathematical formulation of concentration profiles
remains the same at any cross section along the channel assuming that
the thickness of the viscous layer dW is assumed to be equal to half-height
of the channel, H, see Fig. 1. According to (13), the ratio of diffusion to
the viscous layer was assumed to be

dC
dW

� Sc�1=3 ð8Þ
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For considered case this ratio can be expressed in dimensionless form
as follows

dC
dW

� 1� fC ð9Þ
Chemical potential of solute li related to activity ai by

li ¼ l0i þ RT ln ai ð10Þ

Where l0- potential at reference state,
Implying an ideal behavior of solution where ai¼ ci, Eq. (10) gives

liðzÞ ¼ l0i þ RT lnCiðzÞ ð11Þ

Chemical potential within the concentration core is assumed to be
position-independent and equal to the reference value at the centerline,
lg¼0, or the reference state potential l0.

lg¼0 ¼ lg¼f ¼ l0 ð12Þ

Thermodynamic equilibrium at the gel surface is assumed to take
place.

lg¼1 ¼ lh¼1 ð13Þ

The first derivative of chemical potential, � (dl=dz)P, T, represents an
effective thermodynamic force, (14). For position-dependent concentra-
tion it can be expressed using Eq. (11)

dli
dz

¼ RT
d

dz
½lnCiðzÞ� ð14Þ

Modeling

According to assumed transport mechanisms the cross area of the
channel was subdivided into three zones, (A) and (B) and (C) covering
the concentration core, the diffusion layer, and gel, respectively, (see
Fig. 1). Zone (A) ranges from z¼ dC to z¼H. There is no concentration
gradient within the core. Concentration and chemical potential remains
constant and equal to C1 and l1, respectively, (see Assumptions).
Transverse transport within zones (B) and (C) based on Eq. (2) is
characterized by different values of diffusivities.
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Profile of Concentration and Chemical Potential within
Diffusion Layer (Zone B)

The diffusion layer (zone B) ranges from z¼ S to z¼ dC. Within this layer
transverse velocity varies from V¼V(g¼f) to V¼Vmax(g¼1) and approxi-
mated by parabolic function (see Eq 5).

For the diffusion layer where concentration and transverse velocity
are characterized by functions C(z) and V(z), Eq. (2) can be expressed
as follows:

VðzÞCðzÞ þD
dC

dz
¼ 0 ð15Þ

Boundary conditions at the upper boundary of diffusion layer (see
Fig. 1) are:

CðZ¼dCÞ ¼ C1

And at the upper boundary of the deposited layer:

CðZ¼SÞ ¼ C1G

Rearrangement of Eq. (15) gives the following function for concen-
tration profile within diffusion layer. (See Appendix A)

cðgÞ
C1

¼ exp
VMAX ðH � SÞ

8D
½6ðg2 � f 2Þ � ðg4 � f 4Þ�

� �
ð16Þ

The profile based on Eq. (16) is shown in Fig. 2. At g¼ 1 we get the
CP module at the boundary between the diffusion and gel layers

C1G

C1

� �
g¼1

¼ exp
5 VMAX ðH � SÞ

8D
ð1� f 2Þð5þ f 2Þ

� �
ð17Þ

For the case Sc¼ 555, it gives f¼ 1�Sc�1=3¼ 0.878, the CP module
(C1G=C1)g¼1¼ 1.3.

The first derivative of chemical potential, � (dl=dz)P,T, represents an
effective thermodynamic driving force arising from a concentration
gradient. Rearrangement and differentiation of Eq. (17) with respect to
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the g-variable gives the relation between concentration and the thermo-
dynamic driving force.

dli
dg

¼ RT
d

dg
½ln ciðgÞ� ð18Þ

Combining (18) with the first derivative of concentration profile,
Eq. (16), we get a profile of chemical potential within the diffusion layer.
(See Appendix B)

lCPðgÞ ¼
RT VMAX ðH � SÞ

16D
½6ðg2 � f 2Þ � ðg4 � f 4Þ� þ lg¼0 ð19Þ

Calculated projections of chemical potential based on Eq. (19) are
shown in Fig. 3.

Profile of Chemical Potential and Concentration within
Gel Layer (Zone C)

The gel layer ranges from z¼ 0 to z¼ S. Within this layer transverse velo-
city is assumed to be constant being equal to VGEL¼VMEMBR¼VMAX,

Figure 2. Calculated projections of concentration at different values of effective
diffusivity within the gel layer (calculation for D�is based on Eq. (7). Input data:
D¼ 1.8 � 10�9m2=s; VMEMBR¼ 5 � 10�6m=s; H¼ 0.001m; S¼ 2 � 10�4m).
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(see Fig. 1), thus Eq. (2) can be written for the gel layer as follows:

VGELcðzÞ þD�
GEL

dc

dz
¼ 0 ð20Þ

Boundary conditions at the membrane surface (see Fig. 1) are:

CðZ¼0Þ ¼ C1M

And at the upper surface of gel layer are:

CðZ¼SÞ ¼ C1G

Rearrangement of Eq. (20) gives the concentration profile within the
gel layer, c(h), (see Appendix C). In terms of gel surface concentration-
C1G, it gives:

cðhÞ
C1G

¼ exp
VGEL

D�
GEL

Sð1� hÞ
� �

ð21Þ

Combining Eqs. (21) and (17) we express G1G in terms of G1 that
gives distribution of concentration within the gel layer, c(h), in terms of
the bulk concentration C1.

Figure 3. Calculated projections of chemical potential at different values of
effective diffusivity within the gel layer (calculation for D�is based on Eq. (7).
Input data:D¼ 1.8 � 10�9m2=s;VMEMBR¼ 5 � 10�6m=s; H¼ 0.001m; S¼ 2 � 10�4m).
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c hð Þ
C1

¼ exp
5VMAX

8D
ðH � SÞð1� f 2Þð5þ f 2Þ

� �
exp

VGEL

D�
GEL

Sð1� hÞ
� �

ð22Þ

At h¼ 0, Eq. (22) gives the CP module at membrane surface:

C1M

C1

� �
h¼0

¼ exp
5VMAX

8D
ðH � SÞð1� f 2Þð5þ f 2Þ

� �
exp

VGEL

D�
GEL

S

� �
ð23Þ

Differentiating Eq. (23) with respect to the h-variable, we get an
effective thermodynamic driving force within the gel layer, � (dl=dh)P,T

dli
dh

¼ RT
d

dh
½ln ciðhÞ� ð24Þ

Inserting the first derivative of the concentration profile, ci(h),
Eq. (22), into Eq. (24) we get a profile of chemical potential within diffu-
sion layer, lG(h). (See Appendix D)

lGðhÞ ¼
RTVMAXS

D� ð1� hÞ þ RTVMAX ðH � SÞ
16 D

ð5� 6f 2 þ f 4Þ þ lg¼0

ð25Þ

Calculated projections of concentration and chemical potential for
zones (A), (B) and (C) based on Eq. (16), (19), (22), (25) are shown in
Figs. 2 and 3.

RESULTS AND DISCUSSIONS

Calculated profiles in liquid phase and within gel layer, based on Eqs. (16)
and (22), are shown in Fig. 2.

In the presence of the gel layer the membrane surface concentration,
C1M, is enhanced due to hindered back diffusion of salt ions that, in turn,
results in growth of osmotic pressure and chemical potential at the mem-
brane surface. The elevated surface concentration, C1M, will also result in
increase of salt concentration in permeate and decrease of the net driving
force. Analysis of calculated data indicates high sensitivity of CP degree
to coefficient of hindered back diffusion within the gel layer.

Model allows analyzing the influence of thickness and characteristics
of fouling layer on the CP degree, surface concentration and profile of
chemical potential. The Proposed model can be incorporated into the
algorithm for calculation of the longitudinal distribution of CP degree,
resistance, and trans-membrane flux.
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CONCLUSIONS

The proposed model can be applied for quantitative analysis of processes
accompanied by concentration polarization along with gel formation. It
is essential for multi-component systems where the diffusion layer in the
liquid phase and the gel (or cake) deposited at the membrane surface are
built by different components. These layers are characterized by different
values of effective diffusivity. The slope of the potential and concentra-
tion profile within the gel layer is higher than within the liquid phase that
confirms the fact that the diffusion resistance within the gel layer is get-
ting dominant and cannot be ignored. Calculated profiles in liquid phase
and within the gel layer, based on Eqs. (16) and (22), are shown in Fig. 2.
A sub-model describing the behavior of chemical potential can be applied
in analysis of separation processes of multi-component solutions where
the driving force should be expressed through ionic strength or chemical
potential. The fouling potential of NOM, the behavior of fouling factors,
the structure and morphology of the deposited layer are dependent upon
chemical potential on the membrane surface.

Relying upon calculated data the following can be recommended for
minimizing the negative impact of gel enhanced polarization in design of
RO systems:

1. membrane with moderate degree of rejection rather than with the high
one could be preferred on the first stage of RO;

2. nanofiltration could be recommended as a stage of the pretreatment
before RO, that provides partial demineralization of the feed and
makes the process less vulnerable to gel enhanced CP.
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SYMBOLS AND ABBREVIATIONS

a Activity, mol=m3;
C Concentration, mol=m3;
D� Hindered diffusion coefficient within deposited gel layer,

m2=s;
D Solute diffusivity in bulk, m2=s;
e Apparent porosity of deposited layer, dimensionless;
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fC Upper boundary of diffusion layer in terms of the first
dimensionless variable, g¼ fC, dimensionless;

H Half channel height, m
P Operating pressure, Pa
S Thickness of deposited fouling (gel) layer, m;
V0 Trans-membrane velocity, m=s
VMEMBR Transverse velocity through membrane, m=s
VGEL Transverse velocity through deposited gel (or cake) layer, m=s
VMAX Transverse velocity at the membrane surface, m=s
dC Thickness of diffusion layer, m
dW Thickness of viscous layer, m
g The first dimensionless variable, g¼ (H� z)=(H�S)
h The second dimensionless variable, h¼ z=S
p Osmotic pressure, p(s)¼ iCRT, Pa
l Chemical potential, J=mol

Indexes

G Gel (or cake) layer
1G Gel surface
1M Membrane surface
1 Bulk
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APPENDIX A: PROFILE OF CONCENTRATION WITHIN

DIFFUSION BOUNDARY LAYER (INTEGRATING EQ. (15) OVER
ZONE (B)

The diffusion layer ranges from z¼ S to z¼ dC, where the transverse
velocity ranges from V¼V(g¼f) to V¼Vmax(g¼1)

Eq. (2) can be written as follows:

VðzÞCðzÞ þD
dC

dz
¼ 0 ðA 1Þ

Boundary conditions at the upper boundary of diffusion layer (see
Fig. 1) are:

CðZ¼dCÞ ¼ C1

And at the upper boundary of the deposited layer:

CðZ¼SÞ ¼ C1G

For simplification of mathematical treatment the non-dimensional
variable-g was used

g ¼ ðH � zÞ
ðH � SÞ ðA 2Þ
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Inserting transverse profile, Eq. (5), into Eq. (A 1) and combining
with (A 2)) we get

VMAX
g
2
ð3� g2ÞCðgÞ � D

ðH � SÞ
dC

dg
¼ 0 ðA 3Þ

Separation of variables gives

VMAX

D

ðH � SÞ
2

Z
ð3g� g3Þdg ¼

Z
dc

c
ðA 4Þ

Having been integrated Eq. (A 4) gives

VMAX ðH � SÞ
8D

ð6g2 � g4Þ ¼ ln cþ const1C ðA 5Þ

Evaluation of the constant of integration, const1C
For the const1 to be determined, we use the boundary conditions at

the upper boundary of diffusion layer where g¼ f¼ (1�Sc�1=3)

Cðg¼f Þ ¼ C1

It gives the const1C.

const1C ¼ VMAX ðH � SÞ
8D

ð6f 2 � f 4Þ � lnC1 ðA 6Þ

Inserting the const1C into Eq. (A 5) we get the following function for
concentration profile within diffusion layer. (Within the range from g¼ f
to g¼ 1 and from C¼C1 to C¼C1G)

cðgÞ
C1

¼ exp
VMAX ðH � SÞ

8D
½6ðg2 � f 2Þ � ðg4 � f 4Þ�

� �
ðA 7Þ

APPENDIX B: PROFILE OF CHEMICAL POTENTIAL WITHIN

DIFFUSION BOUNDARY LAYER (INTEGRATING EQ. (18)
OVER ZONE (B)

An effective thermodynamic driving force, Eq. (18), in terms of the g
variable:

dli
dg

¼ RT
d

dg
½ln ciðgÞ� ðB 1Þ
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Inserting the first derivative of concentration profile (Eq. 16) into
Eq. (B 1) we get

dl
dg

¼ RT VMAX ðH � SÞ
4D

ð3l� g3Þ ðB 2Þ

Integrating of Eq. (B 2) gives

lCPðgÞ ¼
RTVMAX ðH � SÞ

16D
ð6g2 � g4Þ þ const1M ðB 3Þ

Evaluation of the Constant of Integration, const1M

For the const1M to be estimated, we use the boundary conditions at the
upper boundary of diffusion layer where g¼ f, therefore.

const1M ¼ lg¼f � KCP
ð6f 2 � f 4Þ

16
ðB 4Þ

Inserting the const1M into Eq. (B 3), it gives the profile of chemical
potential within diffusion layer.

lCPðgÞ ¼
RTVMAX ðH � SÞ

16D
½6ðg2 � f 2Þ � ðg4 � f 4Þ� þ lg¼f ðB 5Þ

The potential within the concentration core having been assumed to
be position – independent lg¼0¼ lg¼f (see Assumptions), (B 5) gives the
profile of chemical potential within diffusion layer.

lCPðgÞ ¼
RTVMAX ðH � SÞ

16D
½6ðg2 � f 2Þ � ðg4 � f 4Þ� þ lg¼0 ðB 6Þ

APPENDIX C: PROFILE OF CONCENTRATION WITHIN THE

GEL LAYER (INTEGRATING EQ. (20) OVER ZONE (C)

The gel layer ranges from z¼ 0 to z¼ S where the transverse velocity is
assumed to be constant being equal to VGEL¼VMEMBR¼VMAX, (see
Fig. 1). The gel layer is characterized by hindered diffusivity, DGEL

�, that
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explains elevated values of diffusion resistance. Analysis of this zone is
based on Eq. (20):

VGELcðzÞ þD�
GEL

dc

dz
¼ 0 ðC 1Þ

Boundary conditions at the membrane surface (see Fig. 1) are:

CðZ¼0Þ ¼ C1M

And at the upper surface of gel layer are:

CðZ¼SÞ ¼ C1G

For simplification of mathematical treatment the non-dimensional
variable, h¼ z=S, was used. After further rearrangement of Eq. (C 1)
we get

VGELS

D�
GEL

dh ¼ � dc

c
ðC 2Þ

Integrating Eq. (C 2) gives

ln c ¼ �VGELS

D�
GEL

hþ const2C ðC 3Þ

Evaluation of the Constant of Integration, const2C

The constant const2C is determined at the conditions that C¼C1G at the
upper surface of gel layer where h¼ 1 (z¼ S)

Thus const2C ¼ ln C1G þ VGEL

D�
GEL

S ðC 4Þ

Inserting the constant const2C into Eq. (C 3) we get

lncðhÞ ¼ lnC1G þ VGELS

D�
GEL

ð1� hÞ ðC 5Þ

Eq. (C 5) gives concentration profile within the gel layer

cðhÞ
C1G

¼ exp
VGELS

D�
GEL

ð1� hÞ
� �

ðC 6Þ
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Using Eq. (17) to express C1G in terms of C1 we get alternative
formulation

cðhÞ
C1

¼ exp
5VMAX

8D
ðH � SÞð1� f 2Þð5þ f 2Þ

� �
exp

VGEL

D�
GEL

Sð1� hÞ
� �

ðC 7Þ

APPENDIX D: PROFILE OF CHEMICAL POTENTIAL WITHIN

GEL LAYER (INTEGRATING EQ. (24) OVER ZONE (C)

An effective thermodynamic driving force expressed in terms of the h
variable as:

dli
dh

¼ RT
d

dh
½ln ciðhÞ� ðD 1Þ

Inserting the first derivative of concentration profile (Eq. 22) into the
right hand side of Eq. (D 1) we get

dlðhÞ
dh

¼ �RTVMAXS

D� ðD 2Þ

Further integrating Eq. (D 2) gives.

lðhÞ ¼ �RTVMAXS

D� hþ const2M ðD 3Þ

Evaluation of the Constant Integration, const2M

The const2 is determined for conditions at the upper boundary of gel layer
implying the chemical equilibrium between component in the liquid phase
and within the gel takes place, thus lh¼1¼ lg¼1

At h¼ 1 the Eq. (D 3) gives

lh¼1 ¼ �RTVMAXS

D� þ const2M ðD 4Þ

The chemical potential for component in liquid phase can be
expressed from Eq. (19). At g¼ 1 it gives

lg¼1 ¼
RTVMAX ðH � SÞ

16D
ð5� 6f 2 þ f 4Þ þ lg¼0 ðD 5Þ
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Combining Eqs. (D 4) and (D 5) we get const2M

const2M ¼ RTVMAX ðH � SÞ
16D

ð5� 6f 2 þ f 4Þ þ RTVMAXS

D� þ lg¼0 ðD 6Þ

Inserting the const2M (D 6) into Eq. (D 4) we get the distribution of
chemical potential within gel layer

lGðhÞ ¼
RTVMAXS

D� ð1� hÞ þ RTVMAX ðH � SÞ
16D

ð5� 6f 2 þ f 4Þ þ lg¼0

ðD 7Þ
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